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Abstract A convergence study of intensities of transi-

tions from vibrational ground state to the lower lying states

is done with respect to the rank of the dipole moment

surface (DMS) in the Taylor series expansion of the DMS.

The relative roles of the mechanical and electrical anhar-

monicity are analyzed in the calculation of the intensities

of vibrational transitions from ground state. We find that at

least a quadratic expansion of the dipole moment func-

tional is necessary to predict the intensities of vibrational

transitions. The mechanical anharmonicity becomes

important when the resonances between the vibrational

states are significant.
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1 Introduction

The standard way to study the vibrational spectra of poly-

atomic molecules is the harmonic oscillator model. Here, the

potential energy of the vibrational Hamiltonian is approxi-

mated at the second order in the Taylor series expansion of

the potential energy function in the mass-weighted normal

coordinates. The vibrational Hamiltonian for polyatomic

molecules within this approximation is given by

HHO ¼ 1

2

X3N�6

i¼1

� d2

dQ2
i

þ x2
i Q2

i

� �
; ð1Þ

where xi is the harmonic frequency of ith mode. The

vibrational wave functions in this case are just the product

of 3N - 6 harmonic oscillator wave functions. The

integrated band strength of a vibrational transition at zero

temperature is

AðmiÞ ¼ 2:509:mi:jhUFjDaðQÞjUIij2 km/mol; ð2Þ

where UI and UF are the initial and the final states between

which the transition occurs, Da(Q) are the dipole moment

functions, and mi is the reciprocal wave length of the

transition energy. The standard way to calculate the dipole

transition matrix elements is to use linear approximation in

the Taylor series expansion of Da(Q)

DaðQÞ ¼ da
e þ

X

i

da
i Qi: ð3Þ

Here, a represents the x, y, and z directions; de
a is the

equilibrium dipole moment; and the expansion coefficients

di
a = qDa/qQi are the first derivatives of the electric dipole

moment of molecule with respect to each normal coordi-

nate. The harmonic oscillator model for the potential

energy surface (PES) with the linear approximation in the

dipole operator is termed as double harmonic approxima-

tion. Within the framework of this approximations, the

selection rules for the allowed transitions are Dv ¼ �1 and

di
a
=0. Thus, in such a case, only the fundamental excita-

tions are allowed from ground vibrational state.

Though such a double harmonic model provides rea-

sonable description of molecular vibrational spectra, it is

sometimes inadequate to account for the accurate experi-

mental data. The overtone and combination bands are often

prominent in the infrared spectra of molecules. There are

two types of anharmonicity that affects the vibrational

spectra. One is the mechanical anharmonicity that arises

from the anharmonicity in the PES. The higher-order
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potential energy terms in the Taylor series expansion are

necessary to account for this mechanical anharmonicity.

The potential energy in such case takes the form,

VðQÞ ¼ 1

2

X

i

x2
i Q2

i þ
X

i� j� k

fijkQiQjQk

þ
X

i� j� k� l

fijklQiQjQkQl þ � � � ; ð4Þ

in mass-weighted normal coordinates. Here, the expansion

coefficients fijk, fijkl, etc, are the third, fourth, and so on

derivatives of electronic energy with respect to the normal

coordinates Q. The second source of anharmonicity comes

from the higher-order terms in the dipole moment

function

DaðQÞ ¼ da
e þ

X

i

da
i Qi þ

X

i;j

da
ijQiQj þ

X

i;j;k

da
ijkQiQjQk

þ � � � ð5Þ

Here, dij
a, dijk

a , etc, are the second-, third-, and higher-order

derivatives of the dipole moment vector with respect to the

normal coordinates Q.

The intensity of a vibrational transition is a result of the

interplay between mechanical and electrical anharmonic-

ity. When an anharmonic PES and a linear dipole moment

surface (DMS) are used, the spectral intensity of a mul-

tiple quantum transition is due to mechanical anharmo-

nicity alone. Similarly, harmonic PES along with a

nonlinear DMS leads to band strengths solely due to

electrical anharmonicity. Several years ago, the relative

roles of these two anharmonic effects in the spectral

intestines were analyzed by Lenhmann and Smith [1]

using one-dimensional model potentials representing

the CH stretch of HCN molecule. They found that the

mechanical anharmonicity is very significant for the

spectral intensities of the transitions to high energy

overtones of CH stretching mode. However, such a one-

dimensional anharmonic potential does not account for the

mechanical anharmonicity due to resonance interactions

between different vibrational modes (e.g., Fermi reso-

nance etc). This aspect was further discussed by McCoy

and Sibert [2] in the context of the IR spectra of HCN and

H2CO. These authors stressed the role of mechanical

anharmonicity due to intermode resonance coupling

between different vibrational modes. Such type of reso-

nances between different vibrational modes are stronger in

H2CO, and consequently, this type of mechanical anhar-

monicity plays more significant roles in the spectral

intensities of H2CO. For example, the 3161 and 2161 states

borrow significant intensity from the near resonant 51 state

due to mechanical anharmonicity. Recently, McCoy et al.

[3] analyzed the role of mechanical and electrical

anharmonicity on spectral intensities of a class of hydro-

nium ion containing clusters.

Thus, the studies mentioned above underline the

importance of including anharmonic terms in the PES and

DMS for obtaining accurate band strengths. It is often

found that a quartic truncation to the PES is adequate for

the description of the lower lying vibrational states of

molecules, if a high level of ab initio method is used with a

large basis in the electronic structure calculations. The

transition energies from such PES are comparable with

experimental findings [4]. Algorithm to generate such

quartic PES has been developed over the past few years

[5, 6] and are now routinely available in standard quantum

chemistry packages such as Gaussian 09 and GAMESS.

However, the level of approximation to the DMS that gives

the intensity values comparable to the experimental results

is still unclear. Hu and coworkers [7] noted that intensity of

vibrational transitions is very sensitive to the rank of the

dipole surface. However, no systematic study on the level

of approximation to the DMS that can lead to accurate

intensities has been made to the best of our knowledge. The

goal of the present work is to compare the intensities of

transitions from vibrational ground state to lower lying

excited states at different levels of approximation to the

DMS to understand the convergence properties of Taylor

series to the dipole operator. In other words, we ask the

question ‘‘At what level should the dipole operator be

truncated to give an acceptable spectrum ?’’ To answer this

question, we calculate the band strengths of several tran-

sitions of water and formaldehyde. We truncate the dipole

operator at different levels to understand the effect of

higher-order terms on the overall band strength. The

methodology used for calculating intensities is presented in

Sect. 2, and the results are presented in Sect. 3. The Sect. 4

summarizes our conclusions.

2 Computational details

The vibrational Hamiltonian with harmonic potential in

Eq. 1 is additively separable and the associated Schrö-

dinger equation is exactly solvable. The vibrational wave

function of a polyatomic molecule with N modes just a

product of N harmonic oscillator wave functions

UI ¼
Y

a

/a
Ia
: ð6Þ

However, when the mechanical anharmonicity is

present, the corresponding vibrational Hamiltonian is a

many body Hamiltonian and hence an analytical solution is

not possible. The Hamiltonian with a quartic truncation in

the PES is given by
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H ¼ HHO þ
X

i� j� k

fijkQiQjQk þ
X

i� j� k� l

fijklQiQjQkQl:

ð7Þ

Several ab initio methods have been developed to solve

the Schrödinger equation associated with such Hamiltonian

[8–29]. We use the vibrational coupled cluster method

(VCCM) [24–29] in bosonic representation for our

calculations. Specifically, we used the variant based on a

double similarity transformation of the Hamiltonian. The

ground state wave function in this variant of VCCM is

parametrized as

jwgi ¼ eSe�rjU0i ð8Þ

The VCCM with this ansatz was shown to give accurate

excitation energies [24, 26] and transition matrix elements

comparable to converged full vibrational configuration

interaction (VCI) results [25, 27] with much less

computational effort. The cluster operators S (r) consist

of connected singles, doubles, triples, and so on; excitation

(de excitation) operators and U0 are the optimized

reference function for the ground state. It is parametrized

as a multi-dimensional Gaussian [24],

U0 ¼ Nexp½�xiðQi � Q0
i Þ

2=2�; ð9Þ

and is optimized with respect to xi and Qi
0.

The cluster operators are expanded as

S ¼
X

i

sia
y
i þ

X

i� j

sija
y
i ayj þ

X

i� j� k

sijkayi ayj a
y
k þ � � � ð10Þ

r ¼
X

i

riai þ
X

i� j

rijaiaj þ
X

i� j� k

rijkaiajak þ � � � ð11Þ

Here, a and ay are the harmonic oscillator ladder operators,

and the reference function U0 satisfies the relation

aijU0i ¼ 0: ð12Þ

The cluster matrix elements and the ground state energy

are given by

hUI jHeff jU0i ¼ 0: ð13Þ
hU0jHeff jUIi ¼ 0: ð14Þ
hU0jHeff jU0i ¼ Eg: ð15Þ

Here, UI are the excited states, and the effective

Hamiltonian Heff is

Heff ¼ ere�SHeSe�r: ð16Þ

The excited state wave functions are written as [24–27, 30]

jwki ¼ eSXkjU0i ð17Þ

Here, Xk is a linear excitation operator given by

Xk ¼
X

i

Xk
i ayi þ

X

i� j

Xk
ija
y
i ayj þ

X

i� j� k

Xk
ijkayi ayj a

y
k þ � � �

ð18Þ

The working equation for the excitation energies are

given by the equation of motion,

½Heff ;Xk�jU0i ¼ DEkjU0i: ð19Þ

Equation 19 is a vibrational CI-like equation, where Heff is

diagonalized in the configuration space defined by Xk

operator. The eigenvalues of Heff matrix are the vibrational

excitation energies.

The working equations for the square of dipole transi-

tion matrix elements between two states jwii and jwji are

given by [30]

jhwijDajwjij
2 ¼ hLijDa

eff jRjihLjjDa
eff jRii; ð20Þ

where, Li and Ri are the left and right eigenvectors of Heff,

and,

Da
eff ¼ ere�SDaeSe�r: ð21Þ

The results presented in the present work were obtained by

the same program that was used to generate the results in

Ref. [27].

3 Results and discussions

We calculated the transition energies and the associated

band strengths of two molecules, water and formaldehyde.

The PES and DMS were taken from the work of Handy and

coworkers [31, 32]. These authors presented several quartic

PES and cubic DMS for these two molecules. Among

these, the set of surfaces generated by an MP2 calculation

with a 6–31 Gext basis, as defined in Ref. [32] was judged

to be the best. We used this set in our calculations.

The vibrational state calculations were carried out by

truncating the cluster operators S and r and the excitation

operator X at six boson level. The results are presented

below. Note that the vibrational modes are indexed

according to the Mulliken convention.

We denote a linear dipole surface as D1, a quadratic dipole

surface as D2, and a cubic dipole surface as D3. In this study,

we compare the pure mechanical intensity values (using the

notation H/D1), pure electrical intensity (HHO/D3) with H/D3

numbers. We compare the results with H/D2 and H/D3 to

analyze the importance of the rank of dipole operator in a

particular transition. Only the transitions with band strength

values greater than 0.1 km/mol are reported here.
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The transition energies and the associated band strengths

of water molecule are presented in Table 1. We note that

the double harmonic model gives reasonably accurate

results for the intensities of the fundamental transitions.

The changes in the band strengths from the double har-

monic value due to all the anharmonic contributions are

less than about 5 % in all these transitions. The 11 band

shows the maximum difference. The double harmonic

intensity is hardly affected by the pure electrical anhar-

monicity. Nor does the pure mechanical anharmonicity

affects the intensity to any significant extent. However, in

the presence of both, the intensity changes by about

0.3 km/mol.

As mentioned in the introduction, the spectral intensity

of an allowed transition depends on the strength of the

mechanical and electrical anharmonicity and their relative

phase. If the effects of the two terms are in phase (i.e., of

the same sign), the overall change in the band strength

would be more than the sum of the individual contribu-

tions. The 21 fundamental is an example of this type,

though the magnitude of such enhancement is not very

large.

Moving onto the two quantum transitions, we find that

the interplay between electrical and mechanical anharmo-

nicities is much more common and significant. Of the five

two quantum transitions that have a band strength greater

than 0.1, three show constructive interference between

mechanical and electrical anharmonic effects. The 2131

transition is a typical example. It is forbidden in the double

harmonic approximation. It shows a band strength of

0.59 km/mol by pure electrical anharmonicity (HHO/D3),

and 0.17 km/mol by pure mechanical anharmonicity (H/D1).

The total band strength is 1.35 km/mol, larger than the

largest component by more than a factor of two. The

remaining two transitions show destructive interference

between electrical and mechanical anharmonic effects. For

example, the band strength of the 113! transition by pure

electrical and pure mechanical anharmonicities is 0.03 and

1.41 km/mol, respectively. The net band strength is only

0.85 km/mol.

The variation of the band strength as one goes from

H/D1 to H/D3 is quite small for the fundamental transitions,

less than 5 %. It is much more significant for the two

quantum states, For most of the states, however, the band

strengths appear to be near convergence by H/D3. For

example, the band strength of 22 transition decreases from

0.25 to 0.15 km/mol as one goes from H/D1 to H/D3. The

H/D2 value is 0.13 km/mol.

The second example that we studied is formaldehyde. It

has six vibrational modes. The transition energies and band

strengths are presented in Table 2. The PES and the

spectrum of formaldehyde are dominated by two Fermi

resonances between mode 5 and modes 2 and 6, and modes

3 and 6. As a consequence, mechanical anharmonicities

dominate some of the transitions to a much greater extent

than seen in water.

Unlike water, double harmonic values of band strengths

are nearly equal to the anharmonic values of only three

fundamentals. Mode 2 has a large linear dipole term, dD/

dQ2 = 0.174, while dD/dQ3 = 0.07. While the 21 and 31

states mix little, the large dipole component of the second

mode allows 21 state to steal intensity to a large extent from

the 31 state. A corresponding loss of intensity is seen from

the 31 transition. As a result, these two fundamentals show

a large deviation from the double harmonic value. The 51

transition is the other fundamental which has lost a major

chunk of its intensity to the two states 3161 and 2161. This

is due to Fermi resonance between these two states and the

51 state. The resulting large-scale mixing of 51 state with

2161 and 3161 states is the reason for this intensity redis-

tribution rather than the large difference in the dipole

derivatives as in the case of 21 and 31 states which mix to a

limited extent.

The changes in the intensities of two quantum states from

the double harmonic values follow the pattern observed in

the case of water. For example, the band strength of 42

Table 1 Transition energies and integrated band strength of vibrational transitions of H2O at different rank of dipole function

State Symmetry Transition energy (cm-1) Intensity (km/mol)

mVCCM mexp
a H/D1 H/D2 H/D3 HHO/D1 HHO/D2 HHO/D3

21 a1 1,561 1,595 63.84 64.09 66.24 64.18 64.18 66.19

22 a1 3,090 3,152 0.25 0.13 0.15 0.00 0.75 0.75

11 a1 3,678 3,657 4.61 4.92 4.91 4.60 4.60 4.60

31 b1 3,788 3,756 58.48 58.23 60.23 59.87 59.87 61.79

1121 a1 5,192 5,235 0.03 0.17 0.22 0.00 0.05 0.05

2131 b1 5,274 5,331 0.17 1.41 1.35 0.00 0.59 0.59

1131 b1 7,420 7,250 1.41 0.80 0.85 0.00 0.03 0.03

32 a1 7,552 7,445 0.02 0.30 0.30 0.00 0.16 0.16

a Reference [33]
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transition is due to a destructive interference between

electrical and mechanical anharmonicities, while 22 tran-

sitions is very intense due to constructive interference.

As in the case of water, here also, the band strengths are

almost converged by H/D3 except in the 52 transition.

4 Conclusion

We made a systematic study of the effect of truncation of

the rank of the dipole operator on the calculated intensities

of the vibrational transitions from ground state to lower

lying excited states. With the illustrative example of water

and formaldehyde molecules we studied, we find that the

double harmonic approximation does not provide reason-

able accuracy in the spectral intensities of the fundamental

states in all cases. For the other low energy states with

multiple quanta excitations, where the coupling between

the vibrational levels is small, the electrical anharmonicity

plays more important role in the spectral transition. How-

ever, for the states where the Fermi resonance is strong, the

mechanical anharmonicity dominates. From the conver-

gence pattern of the spectral intensities with respect to the

rank of the dipole operator, we find that the intensity values

are saturated with a quadratic DMS for transitions to two

quanta states. Thus, a quadratic expansion in the DMS

along with a quartic PES might be adequate for predicting

intensities for two quanta transitions. However, for transi-

tions to the higher quantum states, a cubic DMS is desir-

able to calculate the spectral intensity.
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